3 1.3.5.7———(2n-3 n—1

1357-——(2n-1) n

L..(1-x = 14+5x +— 246————(2n—2) * 246————+2n

-1 3
21—-—x) =14+x +x +x ————
n n—1 n—2 2 n—3 3
3(x+y) n.x tn.x y +tn.x y +tn.x y +——————-

6. [udv = uwv — [vdu

Generating Function of Legendre Polynomial

Theorem: To show that Pn(x) is the coefficient of z" in the expansion of [1 — 2xz + zz]_l/2 in ascending
powers of z.
We have [1 — 2xz + zz]_l/2 =1 - Z(Zx — Z)]_l/2
2
=1+iz(2x—z) +i.%z (2x —Z) + = 3 Z(Zx—z) ———————
1357-—-(2n=3) n- 1 1.3.5.7———(2n—1) n
==t 246————(2n-2) 2 (2x — Z) 246———2n % (2x -z + - ..(1)
L . 1357-——2n-1) n n.

Now coefficient of 2" in =————=——=2 (2x — z) isclearly

1.3.5.7———(2n—-1 1.3.5.7———(2n—-1) ;,n 1 1.3.5.7———(2n—-1 n .

@) 5" = 13 @n-1) o n _ —Cn) i)
24.6————2n 2 (12 3———11) n.
. n 1357-—-(2n=3) n- 1 -1

Also coefficient of z in 46— ———(2n— 2) (2x ) is

1.3.5.7———(2n—3) n—2 1357———(2n 3)(2n—-1) n(n—1) n—2

- (n— 1)(2x =— 2 x

2.4.6————(271—2) [ ( )( ) ] 2 [123———(71 1)] (271 1)

Zn_z. 2"_2.2. 2n—1 1 _ _ (TL—l)' _ (n—l)(n—Z)(n—3)———— — -

= o, = =g (M =D, =T = eomes) - (n-1)

1.3.5.7———(2n—-1 -1 n—2 .
=— @n-l) _nt-l) e (ii)

n! (2n—1).2



- ” w  1357-——(2n=5) n-2, _.n-2
Similarly, the coefficient of 2" in - 7=———72 —*"Z (2x —z) s

(n—2) =—u2 _ @203 Y05)n-0-—-- _ 0-2)n-3)
C2 2. (n—2-2)! 2!(n—4)(n—5)(n—6)————— ol

1.3.5.7———(2n=5)  (n—=2)(n—3) n—4, (2n—-3)(2n—1)(n—1n
46—t L 2 Y I @ dmen

1.3.5.7———(2n—1) Zn—4xn—4 n(n—1)(n—2)(n—3)
2" (1.2.3————(n=2)(n—-1)n 2.(2n-3)(2n-1)

2" 2"t "R

2n—2 2n—222. 2n—222.

_ 1
T4,

1.3.5.7———(2n—-1) n(n—1)(n—2)(n—3) n—4
n! 24.2n-3)(2n-1) ©~ (iii)

From (i),(ii),(iii), the coefficient of Z" in the expansion of (1) is
1.3.5.7———(2n—1) [ n  n(n-1) n—2 nn=-Dm=-2)(n=3) n-4

@Dz * + 24.(2n-3)2n-1) ~ ]

n!
Which is obviously Pn(x)

Thus we can say that in the expansion of [1 — 2xz + zz]_l/z, the coefficients of z,z2,z3----etc will be

P1(x) + Pz(x) + P3(x) +—————— . Hence we can write
[1 — 2xz + zz]_l/2 =1+ zPl(x) + ZZPZ(X) + ngg(x) - + Z”pn(x) e
1 -2xz 421 "= 3 2P (1) e (2)

n=0

Corollary1. To show that P (1) =1

Substituting x=1 on either side of equation (2); we get

1-2z+2]"=737PQ)
n=0 "
2,71/2 2 3 n
{1-2)} =1+2zP (1) +2zP,1) +2zP,(1) +—————— tzP (1) +————
Q-2 =1+2P,(1) +2P,1) +2zP(1) +—————- +2'P (1) +————
l+z+2 +2 +———+7' +———=1+2P (1) +2P,(1) + 2 P,(1) +—————- +2'P (1) +————

Equating coefficients of Z'on either side we get



Corollary2. P (- x) = (- D)'P_(x)

We have [1 — 2xz + 2] *= ¥ ann(x)
n=0

Substituting -x of x in equation (2); we get

[1 + 2xz + zz]_l/2 = "

Again substituting -z for z in equation (2); we get

1+ 2xz+2] 7*= 5 (- 2)'P (x) = i - D'@" P

n=0

Comparing (4) and (5), we get
P(—x)=(-1"P®

———©®



