Recurrence formulae of P (x) :

la) nPn = (Z2n — 1)xPn_1 -(n—-1) Pn_2
1b) (n + l)Pn-i-l = (2n + 1)xPn - nPn_1
2) nP =xp' —P
3a) Pn+1—Pn_1=(2n+1)Pn
3b) P P = (2n - 1)Pn_1
4a) Pn+1=xPn+(n+1) P
4b) P’ =xP'"  +nP |
2 o _
5 @-x)P o= n(Pn_1 xPn)
2 o _
6) (1 -x) Pn =+ 1)(xPn Pn+1)
At a Glance
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1. z diff.—(1)
2. x diff --(2) and (2)/(1)

3. Coefficients of z"

3 1b, 2
3b n-n-—1
4 1b, 2
4b n-n-—1
5 4b, 2

6 1b, 5




Formula (1):nPn = (2n — 1)xPn_1 -(n—-1) P (1)

Proof : From the generating function of Pn(x)

A-22z+2) =3 2P
n=0

Differentiating above equation With respect to Z, we get

—t( -2z +2) (-2t 2= T ns P @)

n=0
-2 -2z +2) =5 nd P )
n=0
Multiplying both sides with(1 — 2xz + z°) ; we get

[ee]

x—-2)1-2xz+2) =1 -2xz+7) 3 n Zn_an(x)

n=0
e n 2 e n—1
x—=2)Y zPX)=(1 —2xz2+4+2z) Xnz P (X)iiiiiiiiiiiiiinnnnn (A)
n=0 " n=0 "

XY ZP(xX) =2y ZP(x) =Y nz P(x)—2xzY nZ P(x)+7z ¥ nz P (x)
n=0 " n=0 " n=0 " n=0 " n=0 n
e n e n+1 e n—1 e n e n+1

x zP(x)— Y z P(x) =Ynz PMx—-2xYynzP X+ nz P (x)
n=0 " n=0 " n=0 " n=0 " n=0 "

Equating coefficients of 2" 'from both sides, we get
xP. —P _=nP —2x(n— 1P _+ (n— 2)P
n—1 n—2 n n—1 n—2

nPn = xPn_1 - Pn_2 + 2x(n — 1)Pn_1 - (n - Z)Pn_2
np = x(2n — 2 + 1)Pn_1 -(n—-2+ 1)Pn_2
nPn = (2n — 1)xPn_1 - (n - 1)Pn_2

This is the first recurrence relation. This ,may be written in alternative form by submitting (n+1) for n in
this relation or equating the coefficients of z" form both sides of equation (A) as

(n + 1)Pn+1 = (2n + l)xPn =P (1b)
n dpnfl
Formula (2) : nP = x-—7=———
nP = xP' —P'
n n n—1

Where dashes denote differentiation with respect to x,
Proof : We have

(1-2xz+2) *= ; ZP ()i (B)

Differentiating this equation with respect to z,we get



—t-2z+) (2wt 2)= T nd P @)
n=0

(x —2)(1 — 2xz +2) * = ; Nz P ()

n=0

Now differentiating eq(B) wrt x, we get

1 2,-3/2 _ n dp, ()
-5 A —-2xz+z) (-22)= Y z —;
n=0
_ * dp, (x)
z(1 — 2xz + ZZ) 32 = Zo z i PPPPPPPP (D)
n=

Dividing equation (C) by (D); we get

Yz Pn(x)
0

(x—2z) — _n=
z ; zn( dp;)(cx))
n=0
_ S dp,( o on-1
i.e. x—-—2)Yz —F]—=z)Xnz Pn(x)
n=0 n=0
0 n dp () . n dp () e n—1
XX Z —V———2Z2)Z —F=2Z)} Nz Pn(x)
n=0 n=0 n=0
2 oad® 2 apdm 2 g
xYz ——-3Yz = X2nzP (X) . (E)
n=0 n=0 n=0

Equating coefficients of z" form both sides of (E), we get

dp (x) dp (%)
X —— = = nPn(x)
dp (x) dp. (%)
or nPn(x) = X—]) — -
or nP =xp' —P . (2)

Formula (3) : P () —-P _=(Cn+ 1P (x)

1

Proof. From relation (1b), we have

(n + 1)Pn+ = (2n + l)xPn —npP

1 1

Differentiating with respect to x, we get

(n + 1P a1 = 2n + 1)xPn + (2n + 1)Pn —nP (F)
From relation (2); nP = xP' —P'

n n n—1
xP'n =nP + P'n_1 ................... (G)

Substituting this value of xP'n in equation (F); we get



(n + 1)P'n+1 = (2n + 1)xP'n + (2n + 1)Pn — nP'n_1
(n + 1)P'n+1 = (2n + 1)(nPn + P'n_l) + (2n + 1)Pn - nP'n_1
(n + 1)P'n+1 = (2n + 1)nPn + (2n + 1)P'n_1 + (2n + 1)Pn - nP'n_
(n + 1)P'n+1 =(2n+ D(n + 1)Pn +(2Zn+1 - n)P'n_

1

1

(m+ P =Cn+ D@+ DP + @+ P
P'n+1 = (ZTL + 1)Pn + P'n—l
P =P =C@n+DP (3a)

This is Illrecurrence relation. This may be expressed in alternative form if we substitute (n-1) for
n in above relation, i,e

P—P =@u-1P (3b)

Formula (4) : P —xP = m+ P

From relation (1b)
(n+ DP

Differentiating with respect to x. We get
(n + 1)P'nJrl = (2n + 1)Pn + (2n + 1)xP'n — nP'

= (2n + 1)Pn +(n+n+ l)xP'n — nP'

= (2n + l)xPn — nPn_1
n—1
n—1
= (2n + 1)Pn + (n+ 1)xPn + nxPn - nPn_1
=(@Cn+ 1P + (n+ DxP' + nxP' —P )
= (2n + 1)Pn + (n + 1)xP'n + n(nPn) [using relation (2)]
=+ DxP' +{@n+1) +n)P
. ] v 2
i.e (n+ 1)Pn+1 =+ 1)xPn+ n+1) Pn
Pt =xP' +(n+ 1) P (4a)

This is IV recurrence relation. This may be expressed in alternative for if we substitute
(n-1)fonin (4a), ie

Formula (5): (1 — xz) P'n = n(Pn_1 — xPn)
From relation (4b) ; P'n = xP'n_1 tnpP |
nP =P —xXP (H)
From relation (2) ;
np = xP'n — P (h

n—1

Multiplying equation (I) by x and then subtracting from (H) ;



xnP —nP  =xP —xP _—P + xP'
n n—1 n 1 n n—1

n(xP —P )= — P
A =x) P =n(P_ = xP) ccoiiierreer (5)

Formula (6): (1 —x") P' = (n + D@P —P )
From relation (1b)
(n + 1)Pn+1 = (2n + 1)xPn - nP
=(n+n+ 1)xPn — nPn_1

=+ 1)xPn +nxP —nP

=+ 1)xPn — n(Pn_1 — xPn)
=(n + 1)xPn - (1 - xz) P'n (using relation 5)

(1 =x) P = (n+ DEP — P Jormmmroeees (6)



