
Recurrence Relations for Laguerre Polynomials

(Ⅰ) (n+1) Ln+1 (x) = (2n+1-x) Ln (x) - n Ln-1 (x)

Proof : we have from the property of generating function of Laguerre Polynomials
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Differentiating both sides with respect to z; we get
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Multiplying throughout by (1-z)2 and using (ⅰ); we get
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Comparing coefficients of zn on either side , we get

(1-x) Ln(x) - Ln-1(x) = (n+1)Ln+1 - 2n Ln(x) + (n-1) Ln-1(x)

(2n+1-x)Ln(x) - [1+(n-1)] Ln-1(x) = (n+1) Ln+1 (x)

∴        (n+1) Ln+1 (x) = (2n+1-x) Ln(x) - n Ln-1(x) ………….(ⅰ)

(Ⅱ) x L′n (x) = n Ln(x) - n Ln-1(x)



Proof : we have

= Ln(x) zn𝑒−𝑥𝑧/(1−𝑧)
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Differentiating both sides with respect to x, we get

e-xz/(1-z) . ( ) = L′n(x) zn1

(1−𝑧)

−𝑧
1−𝑧

𝑛=0

∞

∑

or -z e-xz/(1-z) = (1-z) L′n(x) zn1
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or -z Ln(x) zn = (1-z) L′n(x) zn
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Equating coefficients of zn on either side, we get

- Ln-1(x) = L′n(x) - L′n-1(x)

or L′n(x) = L′n-1(x) - Ln-1(x)          …………….. (ⅱ)
Relation (i) is

(n+1) Ln+1 (x) = (2n+1-x) Ln(x) - n Ln-1(x)
Differentiating recurrence relation (i) with respect to x, we get

(n+1) L′n+1(x) = (2n+1-x) L′n(x) - Ln(x) - n L′n-1(x) ……….. (ⅲ)

Replacing n by (n+1) in (ⅱ);  we get
L′n+1(x) = L′n(x) - Ln(x)               ……………… (ⅳ)

From  (ⅱ)
L′n-1(x) = L′n(x) + Ln-1(x) ……….. (ⅴ)

or  values of  L′n+1(x) and L′n-1(x) from  (ⅳ) and (v) in  (ⅲ) we get
(n+1) L′n+1(x) = (2n+1-x) L′n(x) - Ln(x) - n L′n-1(x)

(n+1)[L′n(x) - Ln(x)] = (2n+1-x) L′n(x) - Ln(x) - n [L′n(x) + Ln-1(x) ]
Rearranging the coefficients
(n+1)L′n(x) - (n+1)Ln(x) = (2n+1-x) L′n(x) - Ln(x) - n L′n(x)- nLn-1(x)



(n+1-2n-1+x+n)L′n(x) =(n+1 - 1) Ln(x) - nLn-1(x)

x L′n (x) = n Ln(x) - n Ln-1(x)   --------- (2)
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Proof : we have
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For the coefficient of zn for fixed value of r is obtained by putting r+s+1=n and is given by -Lr(x)
The net coefficient of zn is obtained by summing over all allowed values of r.
As   r+s+1 = n or s = n-r-1 and s ≥  0

∴   n-r-1 or            r n-1≥  0 ≤

coefficients of zn on right hand side is - Lr(x)
𝑟=0

𝑛−1

∑

If we equate coefficients of zn on either side of (ⅶ); we get

L′n(x) = - Lr(x) …………. (3)
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Orthogonal Property to laguerre Polynomials

The Laguerre polynomials do not themselves form an orthogonal set.



However,  the related set of functions
ɸn(x) = e-(x/2) Ln(x)

From an orthogonal set for the internal 0 , i,e,.≤ 𝑥 ≤ ∞
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Proof : we have
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Similarly, we get, e-xxn Lm(x) dx = 0      if m>n …………(2b)
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As Ln and Lm are polynomials of degree n and m in x respectively;
We get from (2a) and (2b).
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Multiplying equation (2a) by Lm(x) and (2b) by Ln(x) and subtracting; we get
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Combining (3) and (4); we get
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