Hermite Differential Equation and Hermite Polynomials

The differential equation

d’ d
_;j§ — ijji% + Zyyy =0 (1)

Where n is a constant, is called Hermite Differential Equation . The series solution of
Hermite Equation (1) may be expressed as

e k+r
y =) ax (2)
r=0
dy _ > k+r—1
- = Eo atk+mx (3)
and %l =Yalk+nrk+r—D" (4)
x r=0 "
Substituting these values in equation (1); we get
Sak+nk+r -0 —22xTak+nT 2T ax =0
r=0 r=0 r=0
or Yak+nk+r-DT —2Fak+r—mx" =0.... (5)
r=0 r=0

Equating to the coefficients of lowest power of x by putting r=0(i.e. Coefficient of xk_z), we get

ak(k —1) = 0 i (6)
As a, # 0 being coefficient of first term; therefore we must have either
k=0 or k=1 (7)
Now equating to zero the coefficient of x*' in (5), we get
a;(k+1)k=0 (8)
Since k+1+0 for any value of k given by (7); therefore equation (8) implies either that
k=0 or a;=0 or botharezero .......... (9)

Now equating to zero the coefficient of general term x**"; we get
Ao (k+r+2) (k+r+1) - 2a(k+r-n) =0

_ 2(k+r—n)
OF  8w2 = "1 42) (ktr+1) o
_ 2(k+r) —2n
or aup= (4r42) (errdD) & e (10)
Now there arises two cases :
Case (i) when k =0, we have from (10),
_ 2r—2n
Ay = D) Ar (11)
Substitutingr=0,24 ........ etc., we get
For r=0 a, = ;211 .a0=_2—2!na0

2
_ _ 4-2n _ 4-2n —2n _ (=2) n(n—=2)
For r=2 ay =—5 a, =3 .(2_1 Q) = 0 Ao



3 _ 8=2n_ _ 8=2n (=2)’n(n-2) _ (=2’n(n=2)(n—4)
For r=4 8 =65 4= 65 4! 0o 6! 3o
And so on. In general
a, = (-2) n(n_zz)r;{im (n—2m+2) A0 e, (12)
Again substitutingr=1,3,5 ...... etcin (10); we get
For r=1 a =228 2D g
3 32 3! 1
6—2 6—2 2(n—1) By Sy
— — —un — —un n— 2 N r
For r=3 a . =—, 0, =< [-—5—a]l (r+2)(r+1)
—1)(n-3
= (-2)? l”_én_Lal
And so on In general
_ (n—1)(n—3) ...... (n—2m+1)
B = (-2)7 = n(2m+1)!n —a
Now, if a, # 0; then we have

y = Y a, X' = agtax+ax>+azx® ..

r=0
2
— 80[1 _ Zl X2 + (-2) Z!(n—Z) X4 + (_2)m n(n—Z)...;.m(r!l—Zm+2) sz + ]
2
+a, [ X 2(n3T1) x3 + 2 (n;!l)(n—3) 5+
—-1)(n-3) ..... —2m+1 +
+ (2)n LR LI ] (13)

In case when a, = 0, equation (13) reduces to

2n

y = aO[ 1 - X2 + 2 n(47§—2) x4 + + (_2)m n(n—Z)...é..m(r!l—Zm+2) NI ]
=y, (assume) L. (14)
Case (ii): whenk =1, we have from (10), _ 2(k+r)—2n
32 = o 42) (ktr+D) O

— 2041 —2n
a a,

™27 (r+3) (r+2)

Substituting r=1,3 ,5
= 0 (each)

d; = as= ar=
Since in this case a,; must be zero
Substituting r = 0,2,4

2—2n _ —2(n—-1)
32 70 3! 0

Forr=0 a,=

(refer equation 8)
etc. in equation(15), we get

2. = 2(1+r)—2n
27 r43) (r+2) °F

(15)



2 (n—1)(n—3)

6-2 6-2 2(n—1
Forr=2 a,=- a,= == { (7;! Loy} = = ao
And so on
(n—1D)(n-=3) ...... (n—2m+1)

In general  a,, = (-2)" i) ao

Hence y = Ya, x™ = apx+ax2+ax3+axi+ax’ ... +.... (Since a;=az=az=...=0)
T
_ 2(n—1) (— 2) (n—=1)(n—=3) . (n—D)(n-=3) ....... (n=2m+1) _om+
= g [x-—5—x+ a1 X2+--- (-2)" Zmi)! X2+ ]
=¥, (Say) (16)

Inspection of equations (13) and (16) shows that (16) is a part of equation as given by (13).
The two are solutions of the same equation. So we can say that (16) is not a part of (13); butitis a
separate solution. Hence a, = 0 and so the solution in case k=0 must be given by (14). In view of
this, General Solution of Hermite Equation is given by

y = Ay, + By,

Where A and B are arbitrary constants and y,,y, are given by equations (14) and (16)

Hermite Polynomials : Let us now investigate the general solution for n to be even or odd

When n is an even integer and a, = (-1)"? ; then in equation (14) the terms

{(n/Z) 7
containing x" is

m n(n-—2).... (n—2m+2) 2m
2m!

‘m’ term in equation 14 is (— 2) ( 2m=n then m=n/2) hence the

—2) v —n+2
term become as (— 2) nn=2) .(nont2)

_ n(n—2) ...(n—n+2) n
- D" Gy Y i g
n n n
n/2 n/2 —G—DE2)——1 p n
= (2 2 x = (2x
2) @ {(n/2) 1} (2x)
‘m-1" term in equation 14 is (— Z)m_l n(n—Z)...;G(nn 12)(,m D+2) Z(m R
(- Z)m_l n(n_zg;;_(g)_!zmﬂ) x(zm—z)( 2m=n then m=n/2) hence the term become as

2 nn-2)...(n—n+4) n-2
(=2) (n—2)!




n/2 n! _ 51 n(n-2) ...(n—n+4) n—2

{(n/2) 1} ( 2) (n—-2)!

nl 21 51 7 DE-2)——-1D n—2 pm-1)
(/21 (=2)" (=2) (n—2)! X -

(-D

(Z)n 2 % n—= 2 n(n 1) (ZX)

m=2 nn—2).. (n—2(m—2)+2) xZ(m—Z)

‘m-2" term in equation 14 is (— 2) 2(m—2)

-2 _ - 2m—4
(— Z)m n(n=2)..... (1-2m+6) , (2m )( 2m=n then m=n/2) hence the term become as

_ T2 p(n-2)...(n-n+6) n—4
( 2) (n—4)!
a2l 72 n(n=2)..(n-n+6) n—4
CD Gy 52 G TR
n! 72 22 (T DGE2D--3) n4  pm-1)(n-2)(n-3)2
g (27 (=2) (n—4)! X D) (=2)(n=3)2
. n—-4 nn-1)n-2)(n-3) n—4  nn-1)1n-2)(n—-3) n—4
= (2) 2! X — 2! (2x)

n(n 1) (

Similarly, the term containing x™" is 2x)" and term containing x™* is

n (n—1) (n—-2) (n—3)
o (2x

)™* and so on. Obviously the series terminates at the n™ term. We have

n 1 n- 1) (n=2) (n=3 n- n !
y = (2x) - 2x)2 + PO EREE o+ () (18)
When n is and odd integer and a, = (-1)"™""? % in equation (16), the term containing x"

is

m  (n—1)(1n—3) ... (n—2m+1) x2m+1

‘m’ term in equation 16is (— 2) Zm+1) |

[ 2m+1=n then

m=(n-1)/2] hence the term become as
(n=1)/2 (=1)(1=3) e (n—2[LL]41) ! (=1D/2 _=D(=3) o2

(_ 2) n! _( 2) n!




_ o \mD/2 (D) _ @ D/2 _(n-1H(n-3)...2 1
=D /2y 2 oy X

_ (n—1)/2 (n+1) (n—-1) (n—3)..4.2 _n
=@ {(ntD)/2} x

(n+1) (n—1) (n—3) 21
_ (2) (n— 1)/2( )(n+1)/2 2 2 2

{(n+1)/2}!

X = (2x)" and so on.

m—1 (m—-1)(n-3)....[n—2(m—1)+1] x2(m—1)+1

‘m-1" term in equation 16 is (— 2)

(2(m=1)+1) !
-1 - - — 2m—1
= (— Z)m (n 1)(n(;)n"_"'1")[|n 2m+3] X m [ 2m+1=n then m=(n-1)/2] hence the term
_1)/21— —1)(n—3) v —2[U 43y 2Ly
become as (— 2){[(71 1)/2]-1} (—=1)(=3) .. (n—=2[-=—] )x( )

(n=2)!

_ n-3)/2 (n-1)(n-3)....4 n—2
=(—=2) X

(— 1)(n+1)/2 (n+1)! - (— 2)(n 3)/2 (n-1Dn-3) ... 4xn—2

{(n+1)/2) (n—2)!
_ (n—3)/2 (n+1)! (n—1)(n=3) ...... 4 n—2 n(n—1)
=(=2) {(n+1)/2) 1} (n—=2)! * n(n—1)

= (- 2)(n—3)/2 (n+1)! (n=1)(n—=3) ....4 n—2 n(n-1)
o {(n+1)/2) 1} (n=2)! n(n—1)
(n+1) (n-1) (n-3)
(n—1)/2 er 2 > =21 n-2 am-1)

2) (m+20 ~ 1

(n=3)/2
(

_ (2) _ n(n 1) (ZX)

The last term will be (1)1 4&x therefore, for odd n
{(n+1)/2) 1}

y = [@x) -2 o024 (o) RO D e 2rd D) () g2
1!

r!

(A2 (D)
) e o]

The values of y in equations (18) and (19) are called Hermite Polynomials of degree
n for even and odd integers respectively and are denoted by H,(x)
Thus we have a Hermite Polynomial of degree n, for n being a positive integer.

p —4Tr
H @ =3 (- 1) s @0 SRR (20)

r=0



n/2 if niseven

Where p =
erep= { (n—=1)/2 if nis odd

We observe that

1)" {(n/Z)'} if n is an even integer

(-
H (O) =0 if n is an odd integer

n/2
for even H (x) = Y (= 1) W(Zx) "o Hn(O) =(—1

r_

n/2 n! n—2(n/2
D =G (%)

n/2

nRe = H (0) - Z( 1) (n/z)l()l (ZX)

n
H (0) = (- 1) (n/Z)'[n Z(n/2) (2%)

H (0) = (- D"

(n—-1)/2
fOT odd Hn(x) = Zo ( 1) Tl (n 2r)' (Zx)
r
(n—1)/2 nl 2[(n—1)/2]
Hn(x) (-1 [(n—1)/2]! {[n—2(n— 1)/2]}' (2x )
(n—1)/2 n! —
H® =1 [(n—1)/2]! [1]! (Zx) = H,(0) =0

From expression (20), we can write values of Hermite polynomials of different orders, even or odd.
They are as follows

P r n! n—2r
H (x) = ;0(— D~z (2%)

p

H (%) = Eo(_ 1) 20" n=0>r=n/2 = 0
0

Hy(x) = Eo(_ 1’ 0!(2:))! (20" =1
0

H () = % (- 1) g5 @0 = 2x foroddn=1=r=(Mm-1/2 = 0
r=0

1
H00 = 3 (- V55t @0

0 2-0 1 2 2-2 2
=D g @)+ 1D gar@) =4 -2



1
H0) = % (- V) oy 2x)° foroddn=3=r=n-1)/2 =1
= . !
0 3 3-0 1 3 3-2 3
= (— 1) W(ZX) + (— 1) W(Zx) = 8x — 12x

2
H,(x) =X (- 1)rﬁ 2x)" forevenn=4=>r =n/2 =2
= . .

0 41 4-0 1 41 4-2 2 41 4—4
=D a0 @)+ D) gar@0  + D 5 (%)

= 16x" — 48x° + 12




