Gauss Hypergeometric Equation

The differential equation
x(l—x)z—:2'+[y—(oc+B+1)x]%—aﬁy=0 ............... (1)

With o, B,y as constants is known as Gauss Hypergeometric Equation or simply the Gauss
Equation or Hypergeometric equation. The solution hypergeometric equation is called the
hypergeometric function.

Dividing the hypergeometric equation throughout by X - x;we get
dZ

ay qay _
2 + X1 Ix +X2y =0.  — (2)
Where X — (aAB+Dx—y and X = aB
1 xz_x 2 xz_x

It is obvious that X1 — oofor x=0 or 1 or o
X2 — oofor x=0 or 1

Therefore , x=0,1 and « are singularities of equation(1).

Thus we can integrate(1) in series about x=0 or 1 or «. We therefore discuss the
series integration in three cases.

Case (a) when x=0; then taking the series solution (1) as

(o]

k+A

y=7Y 0 S — (3)
A=0
dy - k+A—1
So that - =2 4,k + Mx
A=0

2 * _
And = 5 alk+ Nk + A — D

dx" 3o A

Substituting these values in (1) ; we get

x1 - 0Talk+ Dk +A- DX 4 [y = (@+ B+ DxITak+ Dx T
A A

Sak+ Nk +A- D" —Fak+ Nk +A- DX+ yTak+ 02T
A A A

— aff); ankH =0
A



@+ B+ DTak+ D - apTax =0
A A

Saftk+ Dk +A—1) + @+ B+ Dk + 1) + oflx™
A

ka1

- Yatk+ Nk + 1 -1 — y(k + V]x 0
A

Saftk+ 0 = (k+ 0+ @+ B+ N+ k+ A+ aplx”

A

ka1

—Yak + Nk + A= 1) — y(k + V]x 0
A
or
Safite+ N+ @+ Bhk+ D+ ap = k+ DA+ Y- DX =0 4
A

As equation(4) is an identity, the coefficients of various powers of x must be equal to zero. Equating
to zero the coefficient of lowest power of x i,e x*';(putting A =0) we get
aok(k +yvy-1=0 ... (5)
This equation is called the indicial equation. As a,#0, being the coefficient term of the series; we
must have
k=0 and k=1—-vy ... (6)
Equating to zero the coefficient of next higher power of x i.e x* ; we get

a [k + (a + Pk + af] — (k + Dk + Y)a, = 0

a = K+ (ot B)k-+ap _ (et (ktp) %
1 DG+ Y0 (DY) o

: : . . kA .
Again equating to zero the coefficient of general term, i.e x ~ , we get recurrence relation between
the coefficients a X

=0

af{tk+ 0+ (+ Bk + )+ of)— (k+ A+ Dk+ A+ ya, =

(kA (kHA+B)
Gt1 = Gt D etaty) G e (8)

G+ +@+BUh+0)+ap=G(k+ 0D+ alk + 1) + Bk + 1) + of
=h+NDk+2A+a) +Bk+Ar+a)=C0k+2r+ )k+ A+ p)

Choice (1) when k=0, we have from (8)



_ (Ha+B)
G = T naey B 9

Substituting A = 0, 1, 2.....; we get

A=0 a = =B a
1 ly 70
_ _ (1+0(1+B) _ a(1+o) B(1+B)
A=1 a, = 2(1+y) a = 2ly(14y) 0
_ _ @to@+p) . _ a(atl) (a+2).B(B+1)(B+2)
A=2 a, = 3247) a, = YO +2) a, and so on

Substituting k=0 and the values of A Ay Ay etcin (3) and using the notation

(a)n = a(a + 1)(a + 2)....(a + n — 1)we get

2 3
y—a0+a1x +a2x +a3x Fo

_ - a(1+0) B1+E) . (@,(),
— ao[l +%x + a(l+a) B(1+ Xz + a(a+1) (a+2).8(B+1)(B+2) 3 T n

2ly(1+y) 3+ 1) (y+2) X +.. ", Xt
S @®,
~ % ), x
_ - ala+1).... (a+n—1) B(B+D)....+n—1) n
=a, né:o YL b (10a)
If a,= 1, then
(00
(), B), n
y = Ty X e (10b)
n=0 n

Is a particular solution of given equation and the series is known as hypergeometric series
Convergence of the series. The m™ term of the series

L @,®, m
Y = T,

And the (m + 1)thterm is

(@, B),.;  m+1
y = x
m+1 m+D!' W), .,

So that
Y1 (o (B mi(y)

m+1 m+1

y miDl@, ., @ B "




(oc)m= a(a + D(a + 2). (0 + m — 1)
(oc)m+1 = a(a + (o + 2). (a + m — 1)(ax + m)

_ (a+m)(B+m)
T (m+1D)(y+m)
. Y . 1+Ha+d)
lim |—/—=|= lim . x| = |x]|
m— o m m—> o (1+7)(1+?)

ym+1

The series is convergent if lim
m— oo

< 1lor |x| < 1. Obviously, the radius of convergency is

m

unity.

2 (@,®

The series y = 2 T ",

hypergeometric function, denoted by 2F1(°" B,v; x)where the leading subscript 2 indicates that the

for x<1 is hypergeometric series and its solution is called

first two symbols in bracket (a and B)appear in the numerator and the second subscript 1 indicates
that one symbol (y)appears in the denominator or F(“TB. x)Thus, the solution for the hypergeometric

equation for k=0 is

y=aF (By;x) (11)

choice(ii): when k = 1 — y;the solution of hypergeometric differential equation for this value of k is
given by

y=Yax =x"Yax . (12)
r r
From equation (8) we have
_ (A=y+A+o)(1—-y+A+p) (A DHAEB)
D1 T Aty DT Ty oy a0 T (13)
Whered' =1 -y + o, B =1-vyv+Bandy =2 -y .. (14)

Substituting A = 0, 1, 2, 3....... etc;we get

a = a.B, a
1 ly 0
_ (d+DE+D _ WD P+
a, 20+ Y oD % and so on.

Substituting these values in (12); we get




_ Ay L @B (D@D 2 O.E), n
y=ax [1+ w Xt " aygan X T ) X Fe]
2 @), B)
—a xl Y )by
0 n=0 n!'(yl )n
_ 1-y 1! ro,
=ax 2FI(O(,B Y 5 X)
= aoxl_y 2F1(1 —vy+al—vyv+B2—-v%x) . (15a)
If a,= 1;the solution becomes
y=x " FA=Y+al=-y+B2=¥1) . (15b)
Thus we got two independent solutions(10) and (15) of hypergeometric differential equation about

x=0

When y = 1,the two solutions become identical and when y is negative integer say -n; then
2@ ®,

a = —Qa
m m! (—n)m 0

While (— n)m = (—n(—n+ 1)..0,1..(— n + m — 1) = 0;thereby giving a = oo;thus the
solution of the type 2F1(°" B,v; x)cannot be obtained for negative value of y.thus for

Yy # 1,— 1,— 2....(negative integers);the two solutions for k = 0 and k = 1 — yare linearly
independent and so the general solution of hypergeometric equation can be written as

y = AZFl(a, By; x) + Bx' " 2F1(1 - Y+ al—=—v+B2—=-vxX)  — (16) where

A and B are arbitrary constants.

Case (b): For the singularity at x=1, the solution is obtained by developing the series about x=1.

For this, let us substitute 1 — x = t; so that% =1
dy _ dy dt — dy
dx ~ dt " dx =~ dt
2 2
dy _ d dyN _ _d , dy~N _ d . dy dt _ dy
And — = ) = O = O =

Then eq(1) reduces to
x(1 —x)%+ [y — (a+ B+ 1)x]%— afy =0

Lt [y = (@t B+ D(= t + DI(- L) — apy =0

t(1 — t)

t(1—t)%+[(a+3—y+1)—(a+3+1)t]f’i—{—asy=o



This equation is similar to eq(1) except that yis replaced by Y/ = a + B — y + 1land x by
t = 1 — x.hence by similar procedure the roots of indicial equation obtained re 0 and

1 —y" =y — a — Band the corresponding solutions are

y = aZFl(a‘ B‘ y, 4 t)

y=bhb £

. -vY +al—-y +B2-Y;t
The general solution is
y :AzFl(a, BY ;t) + Btl_y’ 2F1(1 v + 01—y +B2-Y ;%)

=AF (@Ba+B—-v+11-x) +B(1 — x) P Fo-—ay-By—a—-B+1L1-x

Case (c) when x = oo,the series solution will consist of series developed about x = oo.for this,we
substitute

x=-—let=- %=—%=—t2
2
48 CY
:
=D =D
=L (Y-t =@ + tz%)

Making these substitutions in(1); we get

x(1—x)%+[y—(a+B+1)x]%—aﬁy=0

£ - t)‘i—i{ +[26(1 =€) = (« + B+ Dt + vt + aBy = 0. (18)

Let the series of solution of above equation be

y=Y a}\tkﬂ --------- (19)
A

then, 2 =ya (k+ 0"
A

2

d k+A—2
And p

tjz' =) a)\(k + )k + A — 1)t
A
Making these substitutions in (18), we get

A -DTak+ Nk+ - D
A

k+Ar-1 A

+[2t(1 = ) — (@ + B+ Dt + yt']Ta,(k + Ot + apy a}\tk+ =0
A A



Or S[k+Nk+A2-D+@-a—-B-Dlk+N+ aplat
A=0

~ Sk + Nk +A- D+ @ - Nk + Datk+ Dt =
A=0
This equation is an identity, therefore coefficients of various powers of t must be zero.
Equating to zero, the coefficients of lowest power of t i.e. t“ to zero; we get

alk(k = 1) + (2 - a— - Dk+ af] =0
Or a(k— o)k —p) =0

This in an indicial equation and gives k = a or B (since a, # 0) ....... (20)

0

A+1
(

Again, equating to zero the coefficient of general term £ * the highest power of t); we get

[(k+7\)(k+7\+1)+(2_0‘_8_1)(1“"7\"'1)"‘0(8]51“1
—[(k+A)(k+?\—1)+(2—y)(k+7\)axz0

This gives the recurrence relation between the coefficients of aA's

(k+2) (k+2A-D)+(2—y)(k+A)
a)\+1 T (k) kA D +(A—a—B) (k+A+1D)+af A

(k+0) (k—y+A+1)
(kA D+ (ktA+ I—a—B)+ap Sa o (21)

Choice (1) When k = «; equation (21) gives

_ (oa+A) (a—y+A+1)
41 (0D +H(atA+1—a—B)+aB ah

a

@+ A+ D+ @+A+1-a-B)+af=@+A+D+A+1-p) + of
=+ D+ al+1) - BA+ 1) — af + of
A+ D+ ad+ D) -BA+ D=+ DA +1+ a—p)

(a+A) (a—y+A+1)

(7\+1)+(O(—B+7\+1) aA ----------------- (22)
Substituting A = 0, 1, 2, 3..... etc. we get
A =0 a = a(a—y+1)

1 (a—=B+1) 0



(a+1)(a—y+2) (a+1)(a—y+1)(a—y+2)

A=1 a, = a, = a _so on, giving

2 2(a—B+2) 1 2! (a—B+1)(a—B+2) 0

@, eyt
4T e, %

Substituting these values and k = « in series solution (19); we get

() (a=y+1) p
y—t Zat —at Z T (@D,

=a0ta 2F1(oc,oc — v+ La— B+ 1%

Ast = %;we have the solution k = o as

— g _ _ 1
y=ax 2F1(O(,O( y+lLa-B+1—) . (23)

choice(ii): when k = ; we have the series solution

y=ax' F@BB-v+1Lp—a+1lD) ... (24)

Hence the general solution for case x = o is

y =Ax JFa—y+la—- B+ 1,%) +Bx "’ JFBB-v+1B—a+t 1,%)



