
(ⅳ) Linear Transformations of Hypergeometric Functions :

The linear relations connecting the hypergeometric function from variable x to some other variable
x′ [say (1-x) or x/1-x] are known as linear transformations  of the hypergeometric functions.

2
𝐹

1
(α, β, γ ;  𝑥) = 1

𝐵 (β,γ−β)
0

1

∫(1 − 𝑡)γ−β−1𝑡β−1(1 − 𝑥𝑡)−α 𝑑𝑡

If we substitute 1-t=p in(14b); we get

2
𝐹

1
(α, β, γ ;  𝑥) = 1

𝐵(β,γ−β)
0

1

∫(1 − 𝑝)β−1 𝑝γ−β−1{1 − 𝑥(1 − 𝑝)}−α 𝑑𝑝

= (1−𝑥)−α

𝐵(β,γ−β)
0

1

∫(1 − 𝑝)β−1 𝑝γ−β−1{1 − 𝑥𝑝
𝑥−1 }−α 𝑑𝑝

= (1−𝑥)−α

𝐵(β,γ−β) . 𝐵(γ − β, β)
2
𝐹

1
(α, γ − β, γ ; 𝑥

𝑥−1 )        [𝑢𝑠𝑖𝑛𝑔 14𝑏] 

2
𝐹

1
(α, β, γ ;  𝑥) = 1

𝐵 (β,γ−β)
0

1

∫(1 − 𝑡)γ−β−1𝑡β−1(1 − 𝑥𝑡)−α 𝑑𝑡

In the above equation substitute in the place𝑥
𝑥−1 𝑥

2
𝐹

1
(α, γ − β, γ ;  𝑥

𝑥−1 ) = 1
𝐵(β,γ−β)

0

1

∫(1 − 𝑝)β−1 𝑝γ−β−1{1 − 𝑥𝑝
𝑥−1 }−α 𝑑𝑝

0

1

∫(1 − 𝑝)β−1 𝑝γ−β−1{1 − 𝑥𝑝
𝑥−1 }−α 𝑑𝑝 = 𝐵(β, γ − β)

2
𝐹

1
(α, γ − β, γ ;  𝑥

𝑥−1 )

= (1 − 𝑥)−α
2
𝐹

1
(α, γ − β, γ ; 𝑥

𝑥−1 )         ................. (19)

(using symmetry property of Beta function)
Similarly, by symmetry property of hypergeometric function;

We have
2
𝐹

1
(α, β, γ ,  𝑥) = (1 − 𝑥)−β

2
𝐹

1
(γ − α, β, γ ; 𝑥

𝑥−1 )           ........... (20)

Equations (19) and (20) represents relations of hypergeometric functions of variables and𝑥 𝑥
𝑥−1

Now we want to find the relations between hypergeometric functions for variables x and 1 -x.

The solution of hypergeometric series about x=0 is

𝑦 = 𝐴
2
𝐹

1
(α, β, γ ,  𝑥) + 𝐵 𝑥1−γ

2
𝐹

1
(α + 1 − γ, β + 1 − γ, 2 − γ, 𝑥)

which is convergent for i.e. in the interval (-1,1).𝑥| | ≤ 1
The solution of hypergeometric equation for x=1 is

𝑦 = 𝐴
2
𝐹

1
(α, β, 1 + α + β − γ , 1 − 𝑥) + 𝐵 (1 − 𝑥)γ−α−β  

2
𝐹

1
(γ − α, γ − β, γ − α − β + 1, 1 − 𝑥)

which is convergent for i.e. in the interval (0,2).1 − 𝑥| | ≤ 1



Obviously, the common interval for convergence of both solutions about x=0 and x=1 is (0, 1). In
this interval we may get the linear transformation between different hypergeometric functions. Let
this linear relationship be represented by
 
2
𝐹

1
(α, β, γ ,  𝑥) = 𝐴

2
𝐹

1
(α, β, 1 + α + β − γ , 1 − 𝑥)

+  𝐵(1 − 𝑥)γ−α−β 
2
𝐹

1
(γ − α, γ − β, γ − α − β + 1, 1 − 𝑥)  ..... (21)

If we put x=0, we have
 
2
𝐹

1
(α, β, γ ;  0) = 1 = 𝐴

2
𝐹

1
(α, β, 1 + α + β − γ , 1) +  𝐵

2
𝐹

1
(γ − α, γ − β, γ − α − β + 1, 1)

From corollary (1) when x=0  
2
𝐹

1
(α, β, γ ;  0) = 1

From  Gauss Formula (16)

2
𝐹

1
(α, β, γ ;  1) = Γγ Γ(γ−α−β)

Γ(γ−α)Γ(γ−β)
Using Gauss Formula (16), we get

1 = 𝐴 Γ(1+α+β−γ) Γ(1+α+β−γ−α−β)
Γ(1+α+β−γ−α)Γ(1+α+β−γ−β) + 𝐵 Γ(γ−α−β+1) Γ(γ−α−β+1−γ+α−γ+β)

Γ(γ−α−β+1−γ+α)Γ(γ−α−β+1−γ+β)

Ⅰ = 𝐴. Γ(1+α+β−γ)Γ(1−γ)
Γ(1+β−γ)Γ(1+α−γ) + 𝐵. Γ(γ−α−β+1)Γ(1−γ)

Γ(1−β)Γ(1−α)         ....... (22)
again substituting x=1 in (21); we get

 
2
𝐹

1
(α, β, γ ;  1) = 1 = 𝐴

2
𝐹

1
(α, β, 1 + α + β − γ , 0)

But
2
𝐹

1
(α, β, 1 + α + β − γ , 0) = 1

∴  𝐴 =  
2
𝐹

1
(α, β, γ ;  1) = Γγ Γ(γ−α−β)

Γ(γ−α)Γ(γ−β)           ........... (23)  (𝑢𝑠𝑖𝑛𝑔 𝑔𝑎𝑢𝑠𝑠 𝑓𝑜𝑟𝑚𝑢𝑙𝑎)

Substituting this value of in (22); we get𝐴

Ⅰ = Γγ Γ(γ−α−β)
Γ(γ−α)Γ(γ−β) . Γ(1+α+β−γ)Γ(1−γ)

Γ(1+β−γ)Γ(1+α−γ) + 𝐵. Γ(γ−α−β+1)Γ(1−γ)
Γ(1−β)Γ(1−α)

Using the property of gamma functions

Γ𝑝 Γ(1 − 𝑝) = π
𝑠𝑖𝑛 𝑝π : 𝑤𝑒 𝑔𝑒𝑡

ΓγΓ(1 − γ) == π
𝑠𝑖𝑛 γπ

 Γ(γ − α − β)Γ(1 + α + β − γ) = π
𝑠𝑖𝑛 (γ−α−β)π

Γ(γ − β)Γ(1 + β − γ) = π
𝑠𝑖𝑛 (γ−β)π



Γ(γ − α)Γ(1 + α − γ) = π
𝑠𝑖𝑛 (γ−α)π

Ⅰ = 𝑠𝑖𝑛 π(γ−α) 𝑠𝑖𝑛 π(γ−β)
𝑠𝑖𝑛 πγ 𝑠𝑖𝑛 π(γ−α−β) + 𝐵 Γ(γ−α−β+1)Γ(1−γ)

Γ(1−β)Γ(1−α)

∴ 𝐵 = Γ(1−β)Γ(1−α)
Γ(γ−α−β+1)Γ(1−γ) [1 − 𝑠𝑖𝑛 π(γ−α) 𝑠𝑖𝑛 π(γ−β)

𝑠𝑖𝑛 πγ 𝑠𝑖𝑛 π(γ−α−β) ]

𝑠𝑖𝑛 πγ 𝑠𝑖𝑛 π(γ − α − β) −𝑠𝑖𝑛 π(γ − α) 𝑠𝑖𝑛 π(γ − β)
We know − 2𝑠𝑖𝑛𝐴 𝑠𝑖𝑛 𝐵 =  𝑐𝑜𝑠 (𝐴 + 𝐵) −  𝐶𝑜𝑠 (𝐴 − 𝐵)
=− 1

2 [𝑐𝑜𝑠 π(γ + γ − α − β) − 𝑐𝑜𝑠 π(γ − γ + α + β) − 𝑐𝑜𝑠 π(γ − α + γ − β)

+ 𝑐𝑜𝑠 π(γ − α − γ + β)]
=− 1

2 [− 𝑐𝑜𝑠 π(α + β) + 𝑐𝑜𝑠 π(β − α)] = 1
2 [𝑐𝑜𝑠 π(α + β) − 𝑐𝑜𝑠 π(β − α)

We know 𝑐𝑜𝑠 𝐴 −  𝑐𝑜𝑠 𝐵 =  − 2𝑠𝑖𝑛 𝐴+𝐵
2 𝑠𝑖𝑛 𝐴−𝐵

2
1
2 [− 2𝑠𝑖𝑛  π( α+β+β−α

2 )𝑠𝑖𝑛  π( α+β−β+α
2 )

= Γ(1−β)Γ(1−α)Γ(α+β−γ)
Γ(1−γ)Γ(α+β−γ)Γ(γ−α−β+1)  [ −𝑠𝑖𝑛 πα  𝑠𝑖𝑛 πβ

𝑠𝑖𝑛 πγ𝑠𝑖𝑛 π(γ−α−β) ]

= Γ(1−β)Γ(1−α)Γ(α+β−γ)
Γ(1−γ){ π

𝑠𝑖𝑛 π(α+β−γ) }
 [ −𝑠𝑖𝑛 πα  𝑠𝑖𝑛 πβ

𝑠𝑖𝑛 πγ𝑠𝑖𝑛 π(γ−α−β) ]

= Γ(1−β)Γ(1−α)Γ(α+β−γ)
πΓ(1−γ)

𝑠𝑖𝑛 πα  𝑠𝑖𝑛 πβ
𝑠𝑖𝑛 πγ

=  Γ(1−β)Γ(1−α)Γ(α+β−γ)
πΓ(1−γ)

π
ΓαΓ(1−α) . π

ΓβΓ(1−β)
π

ΓγΓ(1−γ) 

=  ΓγΓ(α+β−γ)
Γα Γβ                            .............. (24)

Substituting values of in (21); we get𝐴 𝑎𝑛𝑑 𝐵  

 
2
𝐹

1
(α, β, γ ; 𝑥) = Γγ Γ(γ−α−β)

Γ(γ−α) Γ(γ−β) 2
𝐹

1
(α, β, 1 + α + β − γ , 1 − 𝑥)

+ ΓγΓ(α+β−γ)
Γα Γβ (1 − 𝑥)γ−α−β.

2
𝐹

1
(γ − α, γ − β, γ − α − β + 1, 1 − 𝑥) ...... (25)

This is required relationship


