
6.49 Properties of confluent hypergeometric Function

(ⅰ) Differentiation. We have

1
𝐹

1
(α, γ ; 𝑥) =

𝑛=0

∞

∑
(α)

𝑛

(γ)
𝑛

𝑥𝑛

𝑛!      ........ (1)

Differentiating both sides with respect to we get𝑥;

𝑑
𝑑𝑥 [

1
𝐹

1
(α, γ ; 𝑥)] =

𝑛=0

∞

∑
(α)

𝑛

(γ)
𝑛

𝑛 𝑥𝑛−1

𝑛!

=
𝑛=1

∞

∑
(α)

𝑛

(γ)
𝑛
 (𝑛−1)! 𝑥𝑛−1

=
𝑚=0

∞

∑
(α)

𝑚+1

(γ)
𝑚+1

 𝑚!  𝑥𝑚      (𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑛 − 1 = 𝑚)

=
𝑚=0

∞

∑
α(α+1)

𝑚

γ(γ+1)
𝑚

   𝑥𝑚

𝑚!          [𝑠𝑖𝑛𝑐𝑒 α
𝑚+1

= α(α + 1)
𝑚

]

∴
𝑑

𝑑𝑥 [
1
𝐹

1
(α, γ ; 𝑥)] = α

γ 1
𝐹

1
(α + 1, γ + 1 ; 𝑥)        ........ (2)

Differentiating again with respect to x, we get
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Proceeding similarly; we get
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(ⅱ)   if is negative integer, the series terminates after a finite number of termsα
(ⅲ) If is also a negative integer, the series which terminates at a certain term for restartsγ α,
again after certain terms.

The proof of (ⅱ) and (ⅲ) is analogous to that given for hypergeometric function.

(ⅳ) Integral Representation: we have
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This is the integral formula representing the confluent hypergeometric function.

Cor. (Ⅰ) if we substitute in eq(6); we get𝑡 = 1 − 𝑝
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This relation is called Kummer’s relation.

Cor (Ⅱ) if we substitute in eq(6), we get𝑥 = 0
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