Evaluation of Gamma Function
(ee]
-x n—1
From definition I =Je X" dx
0
Integrating by parts keeping x™' as first function, we get

I = [- e_x.xn_l]:o +f(n— 1 e %" dx
0

= (n—-1) }oe_x X Cdx = m-1DI'n-1)
0

Thus we have

In =(n—1DIF n—-1) e (2)

Similarly , Tn—-1)=m-2)T (n—-2)
Hence it followsthat TI'm=n — 1)(n — 2)T (n — 2)

If n is a positive integer, then proceeding as above repeatedly, we get

I'n=m-1(n-2)(n-3)...3.2.1T 1

But Mt =fedr =[—e ] =1 (3)
0
Hence when 7 is a positive integer
In=m-1n-2)(n - 3)...3.2.1 = (n — D! .o (4)

Thus, if n is positive integer, the for all values of n
In=Mm-DI(n—-1) = (n — D! i (5

This is a fundamental property of the Gamma Functions. From this, we may write

' (n+1)
Fn+ 1) =nln ieln=——— . (6)
Putting n=0, we get
[0=o0 ... (7)
It can be further shown that
' (—n) = 0 . (8)
I (n+1) T (—1+1) ro
'n= >l (-—1)=—=—=—=—-T0= o andsoon
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Transformation of Gamma Function (Other Forms of Gamma Function)

By definition Fn =fe %" 'dx s (1)
0

(a) Substituting x =Ay .. dx=A dy in equation (1), we get

Fn=/e” A Y ady = " [y 'dy . (2a)
0 0
2 A 1
[e ™y dy =% (2b)
0
(b) Substitutinge™*=y, .. x =lo ge%and dx =— —dyLin eq(l), we get
0o 1 0 1 14 1 1 L
—X n— n— n—
I'n =fe 'x dx= —fy(logT) —yl =f(l0g7) Ay e (3)
0 1 0
(¢ ) substituting x" =y Sox = yl/nand dx = % y(l_n)/ndyin equation (1), we get

1/n
-y n-1/n 1 (A-n)/n
y —y dy

Equations (2a), (3) and (4) represent transformed (other forms of Gamma Function)

Corollary. From eq (4), we have

©o 1/n
1 -V
Fn-;fe dy
0
Oo_l/n
nlin=_e’ dy .. (5)
0

2

© 2
Y dy = AZE (since f e’ dy = ﬁ, refer section 4.8a)
0

o =
Q

1 (o]
.F7=f
0
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Relation between Beta and Gamma Functions

_I'mTn
B(m TL) I'(m+n)

The transformed form (2a) of section 4.6 of Gamma Function I'm is given by

Fm—fe)‘x A" A (D

Multiplying both sides by e A and integrating with respect to A between the limits 0 and oo,

we get
I'm f e AT an = [ e AT AN A e )
0 0
2 -\ ,n—1
But fe "X d\A=Tn andalso here x=A
0
2 A1+ +n—1
[e 0 i = F(m—-l_,:?nby (2b) of section 4.6
0 (1+x
2 A 1
[e Y yn dy = 1;}? here (1+x)=2A, n=m+n and y=A
0

Substituting these values in eq (2), we get

[0¢]

Imln = [0 gy (3a)
o (1+x)
=I'(m+n —_dx
( ) { (1+x)
from equation (2) of section4.4is B(m, n) = f#dx
o U+y

= I'(m + n) B(m, n) by equation (2) of section 4.4

B(m, n) = =22 (3b)

F(m+n)
This is an important relation between Beta and Gamma functions.
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