Electrostatics

The Physics of stationary electric charges, i.e. charges at rest called electrostatics

+ The charges are acquired by the bodies on rubbing with each other

+ Like charges repel and unlike charges attract each other

% Electrons have negative charge. e =-1.6 X 10" Coulomb
% Protons have positive charge. e =1.6 X 10" Coulomb
Quantization of charge
All physical existing charge in the universe is in integral multiples of electronic charge.
Charge Q = ne
charge exists in discrete packets rather than in continuous amounts. Hence the charge is quantized.
Conservation of charge
The total electric charge in an isolated system never changes. or
The algebraic sum of the electric charges remains constant in a closed system implies that charge can
neither be created nor destroyed
Electric field
The region surrounding an electric charge or a group of charges in which another charge experiences a
force is called the Electric field
Coulomb’s inverse square law
The electrostatic force of attraction or repulsion between two charges is directly proportional to the product
of their charges and inversely proportional to the square of the distance between them .
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Intensity of electric field (E)
The intensity of electric field at a point in the field is defined as the force experienced by a unit positive
charge placed at that point.

Let ‘F’ be the force experienced by a test charge q, placed at a point in the electric field.

The intensity of electric field E =qi newton/coulomb
0

E is a vector quantity. Its direction will be the same as the direction of force.

Intensity of electric field due to a point charge

Consider an isolated point charge + q coulomb is placed ‘O’ in air. A test charge q, place at ‘P’.
According to Coulomb’s law, the electric force acting on qg is given
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We know that the intensity of electric field at any point is given by
E =t e (2)
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From equation (1) and (2)
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Electric field lines

An electric field line is that imaginary smooth drawn in an electric field along which a free isolated positive
charge will move. The tangent at any point on this curve gives the direction of the electric field at that point.
The intensity of electric field at any point can also be defined as the number of lines of force passing
through unit area around that point normally
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Properties of Electric field lines:

1. The electric lines of force start from a positive charge and end on a negative charge.

2. The tangent drawn at any point on the line of force gives the direction of the electric field at that
point.

3. No two lines of force intersect each other. The reason is that if they do so, then at the point of
intersection two tangents can be drawn, i.e., two directions of force are possible at that point which
is impossible.

4. The number of lines of force crossing the unit area in a normal direction is proportional to the
electric intensity.

5. The lines of force have a tendency to contract in length. This explains the attraction between
opposite charges.

6. The lines of force have a tendency to separate from each other in direction perpendicular to their
lengths. This explains repulsion between like charges.

7. The lines of force are perpendicular to conducting surfaces at points close to them.

8. The electric lines of force are perpendicular to equipotential surfaces.

Electric Flux ()
The electric flux through a surface placed inside an electric field represents the total number of electric lines
of force crossing the surface in a direction normal to the surface.

ig. (3 Surface immersed in electric field
kil (( )) Enlarged view of the three squares on surface.

Let us consider an electric field. An arbitrary closed surface immersed in this field. Let the surface be
divided into a number of elementary squares. Each square on the surface may be represented by a vector
AS, whose magnitude is equal to its area and the direction taken as the outward normal drawn on the
surface.

Let E be the electric field vector acting on the surface.

The scalar product E. AS is defined as the electric flux for the surface.

The total flux ®e =$ E.AS = E.S



If 6 is the angle between E and AS
E.AS = EdS cos®

®e=¢E.dS = $EdScosd = Ecos0$dS = EAcos®

Note: For a closed surface @ is taken positive if the lines of force point outward everywhere and negative
if they point inward.
Gauss’s Law

1
Gauss’s law states that total normal electric flux ®¢ over a closed surface is (S—)times the total charge ‘Q’
0

enclosed within the surface.
P =§E.dS = $EdScos8 = (=)Q
0

Here ¢, is the permittivity of the force space.

Proof:

i) when the charges within the surface

Let a charge ‘“+Q’ be placed at ‘O’ within a closed surface. Now take a small area dS around P. The normal
to the surface dS is represented by a vector dS, which makes an angle 6 with the direction of electric field

E along OP.
The electric flux d®e outwards through the area dS is given by ' 48
d®: = E.dS = EdS cos0 -------—-—-- (1) Direction of )/E
whereb is an angle between E and dS normal ~ i>
For Coulomb's law, the electric intensity E at a point P distance r from a d%f’ \
. . . —_ 1 Q d(l) \A\,MJ',I / d /’/’.‘
point charge Qis givenby E = e —rz --------- ) 57
5
From equations (1) and (2), we get OG:Q
Q dS cos0 Q
= — >
dde 4me ( 2 ) 4me dw, B
. dsS cos0
here solid angle doy = ————
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The total flux ® = § 438 do = 41% $dw Where § dwis the solid angle subtended by the whole surface at

O. This is equal to 4.
O = ¢ x4m =
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ii) When the charge is outside the surface
Let a point charge +Q be situated at point O, outside the closed surface. Now, a cone of solid angle dw
from O cuts the surface areas dS,, dS,,dS; and dS, at
points P,Q,R and S respectively.

The electric flux at P through area dS, = (4_—Q)dw
TIE

0

The electric flux at Q through area dS, = (4+Q Ydw

TE
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The electric flux at R through area dS; = (

The electric flux at S through area dS, = (4+Q Ydw

T[SO



The electric flux = (4—_L)du> + (%)dm + (%)dm + (4—+L)doo =0
‘I'[“-I0 T[EO ‘l'[E0 ‘l'[(i0

The total electric flux over the whole surface due to an external charge is zero
Differential form of Gauss’s law
According to Gauss’s law

$E.dS = (SL) or & $E.dS = Qe (1)

0

Let a charge Q be distributed uniformly over a volume V and p be the density of charge,

ThenQ = [[[pdV —————- (2)

From equations (1) and (2) e, $E.dS = [[[pdV ---m-mmv (3)

According to divergence theorem ¢ E.dS = [ [ [div EAV ——————— (4)
Substituting equation (4) in (3) e J[[divEdV = [[[pdV---mm (5)
Equation (5) is true for any arbitrary volume. Hence integrands must be equal.
g, divE = p >  divE = &

V.E = —f— This is the differential form of Gauss’s law

In vacuum D=¢E = E = Ei

dv D=p or VD=p
Applications of Gauss’s law
1. Electric field due to an infinitely long charge distribution
Consider an infinitely long line charge having a

linear density A. A . Cyfindrical Gaussan surface
To calculate electric field at a point ‘P’ at a AE IS A / AE
distance ‘r’ from the line charge. O EUGRECE TRy ' L - A—— <
As the charge distribution is linear, we construct 3 i 3}« -»

a cylindrical Gaussian surface of radius ‘r and v+ + e s T T/ =
length T'. . !

All the points on the curved surface are at the N

same perpendicular distance from the line e I . >

charge.

The direction of the field at any point on the curved surface is normal to the cylindrical surface.
At the ends of the cylinder E will be perpendicular to dS.
The net flux through the cylindrical Gaussian surface is

®d=¢EdS = ¢ EdS + ¢ E.dS+ ) E.dS

left ent right end curved surface

At both the ends of the Gaussian cylinder, E is perpendicular to the axial area vector dS.
Hence E.dS =0
On the curved surface, E is in the direction of dS. So, E.dS = E dS cosO = E.dS

®=0 + 0+ ) E.dS = E. 2mrl here $dS = 2mrl = surface area of the cylinder.

curved surface

The charge enclosed by Gaussian surface is q= Al



According to the Gauss’s law

o= L > E.2mrl = L
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This gives the electric field due to an infinitely long charge :E’ :Ef .
distribution.. - h‘:
Electric field due to infinite conducting sheet of charge and

A charged conducting surface of charge density . To determine the
electric field at a point near the surface and outside the conductor,
construct a cylindrical Gaussian surface. The direction of the
electric field near the surface is perpendicular to the surface as the conducting surface is an equipotential
surface.

Electric flux through the cylindrical Gaussian surface results from the two ends and curved

surface of the cylinder. At the right, E is parallel to dS and at the left end there is no electric field.
Therefore, the flux through the two ends are E.dS and zero respectively. The electric flux through the
curved surface is zero as E and dS are perpendicular.

&= [ EdS+ [ E.dS+ f E.dS

right end left end curved surface

®=ES +0+0 = ES =ES =L =2 = E=-—-
0 0 0

Electric field due to an uniformly charged sphere

Case (i): At a point outside the charged sphere

Consider a sphere of radius R with centre O. Let a charge q be uniformly distributed over it. Suppose P be
an external point at a distance r from the centre of the sphere. We shall find

the electric field at this point. For this purpose we construct a Gaussian
surface of radius OP which is concentric with sphere A.
The electric flux through the entire Gaussian surface is given by

® =[EdS=E[.dS = E(4mr)

According to Gauss’s law E(4nr2) = ( si )
o T
1
E = —— X -L newton/coulomb Gaussian surface
4me T
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Case (ii): At a point on the surface
when the point P lies on the surface of the sphere, then r=R.
E = —F—x-L
4me R
0
Case (iii). At a point inside the charged sphere.
To find the electric field at a point P, which is inside the charged

sphere at a distance r from the centre.
The electric flux through the entire surface is given by

® =[E.dS= E[.dS = E(4nr)

The total charge enclosed by the Gaussian surface
q = %T[RS X p

q
= =
P 4 R’ 4 R

3 Gaussian surface




. . 4 3 3q r 3
Charge enclosed in Gaussian surface —Tmr X ;. = q(—)
3 4 TR R
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Conservative nature of electric field
We know that the electric field E at a distance r due to a point charge +q
placed at origin O

')
1
E = X L
4ns0 r E
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Further , consider any two arbitrary points A and B in the electric field region ~ of
charge +q. | /
The potential difference between two points A and B is given by Qf > x
T 1 rB B L
JE.dr = [Ldr = [E.dr = — L. 4]
r, dme 1 A 4 T r,

A
Where r, and rg are position vectors of points A and B respectively.
If Aand B are same points, ther, =rg

Then SﬁE.. dr=0

c

Applying Stoke’s theorem, we get

$E.dr= P(VxX E).ds =0 2 VXE =0
c S

Irrotational field

The general meaning of curl is rotation. When the curl of a vector field is zero, it means that no rotation is
attached with E. On the other hand, if curl E is non zero, it means that rotation is attached with vector E.
Therefore, curl E =0, then E is an irrotational field.

Potential difference

The work done in moving unit positive charge from one point to another point in an electric field is called
potential difference between the two points.
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The ratio of work done in taking a test charge from one ;))f‘""_;‘""é' ____ ® > F
point to another point in an electric field to the

magnitude of the test charge is defined as the electric

potential difference between these points.

Electric potential

The work done in moving a unit positive charge from infinity to a point against the electric force of the field
is called the electric potential at that point

Electric potential at a point in the electric field is defined as the work done by an external agent in carrying a
unit positive test charge from infinity to that point against the electric force of the field

Equipotential surfaces

Equipotential surfaces are those surfaces that have the same potential at all points



Properties:

1. Electric field along the equipotential surface is zero.

2. The electric field is always normal to the surface

3. The work done in moving a charge on the equipotential surface is zero.

4. When the charge is infinite, the equipotential surface is plane.

5. The equipotential surfaces act as wave- fronts in optics.
Potential as a function of electric field
Suppose a positive test charge q, is moved by an external agent without acceleration between two points A
and B in the electric field. The electric force on the charge qq is qo E. The direction of this force is in the
direction of electric field strength E, which points downwards. To move the charge in the upward direction
by an external agent, an equal and opposite force -q, E must be applied. Let the charge q, be moved
through a small distance dl by the external agent.
The work done dw by the external agent is given by dw = F.dl = -q, E.dI

Therefore, the total work done W,z in carrying q, from A to B will be §
’ 5 T
WAB:£—qOE.dl =—qO£E.dl Fi
w g 1%
— 48 : i
Ve -Va= q, qE,
Potential difference between two points A and B will be * 2 E

B
Vg -Va=— [ E.dl
A

If the reference point A is taken at infinity, the V, =0
B

Vg -Va=— [ E.dl

The electric potential at a point in the electric field can be expressed as a line integral of the electric field.
Relation between electric potential (V) and electric field (E) or

Field as the gradient of potential

Consider two surfaces of potential V and V + dV in an electric field. Let positive test charge q,at a point A
on the surface V be moved to the point B on the surface V +dV along the vector displacement dl by any
external agent. The force experienced by the test charge q, at A due to the electric field will be g, E. This
force is in the direction of E, which is at right angles to the surface V. In order to move the test charge q,
without acceleration, the external agent must apply an equal and
opposite force F.

F=-qE

The work done by the external agent to move the test charge from

Ato B along dl is given by
dw

dw=Fdl = dw =-gq E.dl = -= = E.dl
0 -
4 ‘-.
We know that ‘j{w = qv Direction of E &
0
AV = — E.dl e )

Let the coordinates of A and B be (x,y,z) and (x+dx, y+dy, z+dz) respectively. The potential difference dV
between A and B can be expressed as

_ av av av
dv =——dx + % dy + ——-dz
= [i—o% +j§—yV+kf;—Z]. (dxi +dyj + dz k)

( gradV).dl=VV.dl-------- (2)



[l_ +j-— k—] = grad V and dxi +dyj + dz Kk is the displacement vector dl between A and B.

Comparing equatlons (1) and (2), we get
gE=-gradV =-VV ----- (3)

If E, Ey and E be the components of E, then equation (3) can be written as

. . - av av
Ex|+Ey] +Ezk—- [ax l+—ay]+_k]
_ oV _ v _ov
Ex - ox ’ Ey - ay EZ aZ

The electric intensity at a point in the electric field is equal to the negative potential gradient in that
direction.

Potential energy of system of charges
Consider a system of two charges qland q, separated by

distance T The charge q, is fixed at pointA. Let the g 5 % —» dr f—
charge q, be taken from position B to position C along the @----------- @P---4--+---9
line ABC » & ¥ & 8
ine : . _ "
Let AC = r, Consider a small displacement of charge q, — s -
from a distance r to (r + dr) between B and C (i.e., from
position B' to B" ).
The electric force on charge q, at position B' is
F = towards AB e (D
41 g, r
The work done by this force for a small displacement dr is
q, 9
dW = —=dr e (2)
4T g,
The total work done when charge qzis moved from B to C is
?”2
q, 9 q, 9
W=[—Frdr =22 — ] (3)
r 41t£0r TeE, Ty P
The change in potential energy is
. . T R &
uer) —U@) =—Ww= T, [r2 Tl] .............. 4)

The potential energy of two charge systems is taken as zero when they have infinite separation. Thus
u) =U(r,) — U(x)

q1 9, 1 1
U( ) - 4—1T£ [r_z_?]

q, 49

Ur) =g (5)

Or
Eq(5) give the potential energy of a system composed of two charges q, and q,

For a system of three charges the potential energy is given by q‘g ............. M, Qq’
P
1 .94, 4,4 4,9 e
U=s—7—[""+—"—"+ "] s (6) na., o
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ENERGY DENSITY IN ELECTROSTATIC FIELD
Let a test charge be moved from a point of lower
potential to a point of higher potential in an electric field. In this
process, the external agent that moves the point charge has to & Bt
do some work on it. As a result, the potential energy of the without charge
.. . iy (system)
system is increased, i.e., the system has a positive energy. On
the other hand, if the test charge is moved from higher
potential to lower potential in an electric field, then the electric
field does work on the test charge. Therefore, the potential Field of
energy of the system is decreased, ie, there is a loss of q,
potential energy. This energy is supplied to the test charge.
Now, we shall calculate the potential energy of a system consisting of a number (say n) of charges.
First of all we shall find the potential energy of the system due to three charges,ql, q, and q, and then

Field of
a4

~Field of
9

generalize it for n charges. For this purpose, we have to calculate the work done by external sources in
positioning these charges on a surface as shown in fig. The surface is assumed to be without charge.
In bringing the charge qlfrom infinity to position1, no work is done because the field does not exit on the
system.so, W1 =0
Now consider that charge qzis taken from infinity to position 2. The movement of this charge will take place
in the field of charge q,- This requires a certain amount of work. The work done is given by
w,= charge X potential = q2V21where VZlis the potential at the location of qzdue to q,-

Similarly, in bringing the charge qgfrom infinity to position 3, the movement will b in the field

of charges qland q, The work done is given by W3 = 613V31 + q3V32, where V31and V32 are the potentials at

position 3 due to the charges qland q, respectively.

total work done = Potential energy of the field

w.=0+ (q2V21) + (q3V31 + q3V32) ..................... (D

Consider that the three charges are brought in the reverse order, i, e.,charge q3is taken first and then charge
q, and finally charge q, The total work done in this situation is given by

WE =0+ (q2 V23) + (qlV12 + q1V13) ..................... 2

Adding eq(1) and eq(2), we get
W=V, +aV,) + @)V, +a,V,) + @V, +aV,)
or 2WE = q1(V12 + V13) + qZ(V21 + V23) + q3(V31 + V32)
or ZWE = 611V1 + qZI/2 + q3V3 ................ 3)

Where V1 = V12 + V13 = total potential of charge q,

=1
W.==laV, +aV,+a V] e 4)

If we consider a number of charges, then in general
i=n

_ L
W, =5 El V., . (5)

General Expression
To get the general expression for energy stored in a region of continuous charge distribution, we
replace the summation by integration and we substitute q by p dV

WE=%fIf/fpdV ..................... (6)
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According to Gauss’s law, V.D=p

So, W,=5[[] @DWVAV . (7)

< -

Where V is scalar and D is a vector field.
To obtain the value of volume integral, we use the following vector identity

V.(WD) = V(V.D) + D. (V) s 8)
or V(V.D) = V.(V D) — D(VV)
Substituting this value in eq(7). We get

W, =11/ @.vDyav — [ [] D.(WV)av].
%4 v

Using divergence theorem, the first volume integral of this equation can be changed into closed
surface integral, Now, we have

W, =2[$vDdS — [[[D.OOV)AV e 9)
s 14

The surface integral over this closed surface is zero.

W, =—=Lf[[D.(OW)av =L [ [ D.(~ VV)av
|74 |74

=—f f [(D.E)dv (<E =—VV)
= %f{f(so. E.E)dV (<D = ¢, E)
or W.=2[[[eE'dV (10)

This is known as energy density or energy stored for any field E.

POTENTIAL DUE TO A POINT CHARGE
Consider a point charge + gq. Its electric field E is outward along a radial line. The aim of this article is to
calculate the potential at a point B situated at a distance r, from the charge + q. For this purpose we select

two points A and B along the radial line (for convenience). Let a test charge q,

be moved from reference point A to B.
The force exerted by the field of charge g on test charge qois qOE.

Now to move the test charge q, towards B, a force — qu must be applied. The work done by external
agent to move the charge q, through a small distance dr is given by
dw = qOE. dr = qu dr cos 180° = — qu dr

1
41150

Further E=—-L qw=-- "t
T[SUT r r
Now the total work done in moving the test charge from A to B

r
B
1 14,
WAB = f— Ine 7 dT'
T, 0

When rAis the distance of point Afrom gq.

A% Ay 9% 11
- 411&0 [_ T]rA_4T[£0 [rB_r]'

So the potential difference between two points will be
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To find the potential at point B, the reference point A is taken at infinity so that VA = 0. Hence,

vV o=——=L

B 4—1r€0' T,
On dropping the suffix, the required expression becomes
-1 _a
V=

4mte T r
0

POTENTIAL (V) FOR SPHERICAL CHARGE DISTRIBUTION FROM ELECTRIC FIELD (E)

(a) When point lies outside the sphere
Consider a conducting charged spherical conductor with centre 0 and the radius R.
Let g be the total charge on the sphere. The charge is distributed on the spherical surface.

The aim of this article is to find the potential at a point P distant r from centre O of the sphere i.e., r > R
The electric field intensity at point P is

_ 1 g
E = e (D
We know that
B
V= —[Edr s (2) o,
A q
e R -
- - ( e -
i i e \"/7 S >
0 0 00
_ q 1.7 ’
or V= - 41‘[80 [_ r]o ¥ ”
1
or V=o0—=Ll 3)

(b) When point lies on the surface of sphere
When the point P lies on the surface of the sphere i.e., r = R,the potential is given by

V= 10.1 .......................... 4)

(c) When the point lies inside the sphere
When the point P lies inside the sphere i.e.,, (r < R), then the potential inside the sphere is the
same as on the surface of the sphere. In this case

V= ;O.i .......................... (5)

POTENTIAL DUE TO CHARGED SPHERICAL CONDUCTOR
(i ) When point P lies outside the sphere

Consider a conducting charged spherical conductor with
centre 0 and radius R. Let o be the surface charge density
and the total charge be q. When a conducting sphere is

given charge, the whole is distributed uniformly on the o
surface of the sphere and there will be no charge inside the +
sphere. Now the problem is to find out the potential at the
externRa2l point P distant r from the centre of th spherical
conductor, For this purpose, we divide the sphere into a




number of rings with centres on OP. Further consider one such ring ABCD between two planes AB and CD.
Let CP = x, £COP = 6 and £AO0C = db.
From the right angled triangle OEC,
CE = 0OCsin® = R sinB
From sector AOC, AC = R db
The circumference of the ring = 2m X (R sin®)
Area of thering = 2m R sinb X Rd6
= 21 R sin® d@
Charge onthering = areaof thering X surface density

= 2T stine do X o

Where G = total charge on shell — _4 _
total surface area 4TR
charge on the ring dq = 2R’ sin 0 dO x ( " qu )
TC
__ gsinbdd
= LIIE e (1)
So the potential at P due to the charge on the ring
— 1 dg
dV = om St )
(Every point of the narrow ring ABCD is at the same distance x from the point P)
__qsin0d6
dV = pr—— x — 3)
From figure, X =R +1° - 2Rrcos®

Differentiating this equation, we get
2xdx = 2Rrsinb do

or sin® do = % ............... (4)
Substituting the value of sind d6 from eq (4) in eq (3), we have
__gxdx __  qgdx
dvV = Bre Rrx © Bme Ry (5)

In order to obtain the potential due to whole spherical shell we integrate the above equation within the limits
x =r — Rand x = r + R.Hence,

. r-}R - r}R gdx _ _ __ g [x]r+R
o Jeme Rr T Bme R g
- 81quORr [r+R—-7+R]= anoRr X 2R
V= 4;0-% ....................... (6)

This expression shows that the potential at an external point is the same as if the total charge on the shell
were concentrated at the centre. Further, the potential decreases with distance in inverse proportion.

(i i)When P lies on the surface.
Inthiscaser = R

Potential at the surface = e e — (7)
(i i i)WhenP lies inside the sphere.
; -1 _ 4
In this case, V= T ee— (8)

Thus, the potential at an internal point is the same as that on the

surface.
The variation of potential with distance is shown in fig.




